Abstract. We characterise those objects in the derived category of a scheme which are a sheaf supported on a closed subscheme in terms of Koszul complexes. This is applied to generalize to arbitrary schemes the fully faithfullness criteria of an integral functor.
c (X × Y ) be the kernel of Φ. We want to characterise those kernels K
• such that Φ is a fully faithful. This was solved in [1] for smooth projective schemes over a field of zero characteristic. For Gorenstein schemes and zero characteristic it was solved in [3] . For Cohen-Macaulay schemes and arbitrary characteristic it was solved in [2] . Here we remove the CohenMacaulay hypothesis and reproduce the fully faithfullness criteria of [2] for arbitrary schemes. The point is to replace the locally complete intersection zero-cycles of [2] by Koszul complexes associated to a system of parameters. These Koszul complexes allow to characterise, for an arbitrary scheme X, those objects in D b c (X) consisting of a sheaf supported on a closed subscheme (Propositions 1.7 and 1.9). This is the main ingredient for the fully faithfullness criteria.
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Koszul complexes, depth and support
We introduce Koszul complexes and use them to characterize those objects in the derived category consisting of a sheaf supported on a closed subscheme.
1.1. System of parameters. Koszul complex. . Let O be a noetherian local ring of dimension n and maximal ideal m. Let x be the closed point.
It is a basic fact of dimension theory that there always exists a system of parameters. In fact, for any m-primary ideal I, there exist f 1 , . . . , f n in I which are a system of parameters of O.
We shall denote by Kos • (f ) the Koszul complex associated to a system of parameters
O L is the inner contraction with ω. It is immediate to see that Hom
• (Kos
For any complex M • of O-modules, we shall denote
From the isomorphism Hom
1.2. Depth. Singularity set. The depth of an O-module M, depth(M), is the first integer i such that either:
The depth of M is the first integer i such that either:
Proof. It is an easy consequence of the spectral sequence
Indeed, let d = depth(M), f a system of parameters of O and r the first integer such that Ext
is supported at x and r − i < d. From the exact triangles
and taking into account that Hom r (Kos
Let F be a coherent sheaf on a scheme X of dimension n. We write n x for the dimension of the local ring O x of X at a point x ∈ X, F x for the stalk of F at x and k(x) for the residual field of x. F x is a O x -module. The integer number codepth(F x ) = n x − depth(F x ) is called the codepth of F at x. For any integer m ∈ Z, the m-th singularity set of F is defined to be
Since depth(F x ) is the first integer i such that either Lemma 1.10] . If X is smooth, then the m-th singularity set of F can be described as
In the singular case, this characterization of S m (F ) is not true. There is a similar interpretation for Cohen-Macaulay schemes replacing k(x) by O Zx where Z x is a locally complete intersection zero cycle supported on x (see [2, Lemma 3.5] ). Now, for arbitrary schemes, the analogous interpretation is the following. Lemma 1.4. The m-th singularity set S m (F ) can be described as
Proof. It follows from (1.1) and (1.2). Proposition 1.5. [3, Prop 1.13] . Let X be an equidimensional scheme of dimension n and F a coherent sheaf on X. 
Proof. By Lemma 1.4 the locus of the points that verify the conditions is
, which is open in Y by Proposition 1.5. Proving that U is not empty is a local question, and we can then assume that Y is the support of F . Now Y = S n−c (F ) by (2) of Proposition 1.5 and U = S n−c (F ) − S n−c−1 (F ) is non-empty because the codimension of S n−c−1 (F ) in X is greater or equal than c + 1 again by Proposition 1.5.
For any scheme X we denote by D(X) the derived category of complexes of quasicoherent O X -modules and by D b c (X) the faithful subcategory consisting of those complexes with bounded and coherent cohomology sheaves.
The following proposition characterises objects of the derived category supported on a closed subscheme. Proof. We just reproduce the proof of [3, Prop. 1.15] , with the corresponding changes. Let us write
. For every system of parameters f x of O x there is a spectral sequence Assume now that X is separated. Let x be a closed point of X and φ x : Spec O x → X the natural morphism. Let f x be a system of parameters of O x . We shall still denote by Kos
• (f x ) the direct image by φ x of the Koszul complex Kos • (f x ). Let U be an affine open subset containing x. Then φ x is the composition of φ ′ x : Spec O x → U with the open embedding i U : U ֒→ X. Since X is separated, i U is an affine morphism, and then φ x * ≃ Rφ x * .
One has that
Proof. Let C be the cone of
and one concludes because φ *
Taking into account the equation ( 
On the other hand, by Proposition 1.9 with Y = ∅, if Hom
• ) = 0 for every i and every x, then E • = 0.
Fully faithful Integral functors
In this section scheme means a separated scheme of finite type over an algebraically closed field k.
Let X and Y be proper schemes, The notion of strong simplicity is the following.
is strongly simple over X if it satisfies the following conditions:
(1) For every closed point x ∈ X there is a system of parameters Proof. The same proof as [2, Thm. 3.6] works, replacing the use of Proposition 3.1 of [2] by its analogous result (Proposition 1.9). 
